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Context

iction of time step and grid size
y and stability of the time integration
t deposition seven-boundary move

lon ten-boundary move
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b force and force

F=Q/r2 (3D)
F=Q/r (2D) 2%

~— Point Particle ~
Two Dimensions

Ap = Debye Length
. Thermal Velocity
We

0:0.5\p

a: radius of particle

o:Xp  (collective effects)

Coulomb Behavior

7 8 9 IL/XD

(Dawson 1983)



accuracy: Simple harmonic

2n

phase error




jor methods of calculating c

. Spectral method (UPIC code) (note by Decyk)
We will review this method in details later after we do hando
exercises

2. Charge-conserving current deposit (Villasenor & Buneman 1992
We will review this method with Umeda’s method later



Electrostatic codes

Time scales of the system >> light crossing time, static magnetic field

Four major criteria to choose an Algorism
for integration of equation of motion

s : :
V (I) —ie p ( X) Convergence: the numerical solution converges
to the exact solution of the differential equation

E( X) = _V(I) in the limit of At and Ax tend to zero

« Accuracy: the truncation error associated with

F . E X approximating derivatives with differences
C]/ ( i ) Stability: depends on how total errors (including

truncation error and round-off errors) grows in time
« Efficiency: the code needs to be efficient to handle

large number of particles

Need asses two physical quantities to know how well the codes work

» Dissipation: The truncation error associated with approximating derivatives with

differences causes the dissipation of some physical quantities
e (Conservation: The truncation error also causes the deviation of the conservation

law



cond order leapfrog achieves the best balanced bet
efficiency

to+At/2  to+3At/2

p < W
| I
ty +At to +2At




assignment and force

cloud-in-cell in 1D

ssigned in 3D system the same interpolation scheme is used |
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Density assignment in 3D system (2D)

. (x(n0),y(n0))
Smoothing with the (.25,.5,.25)
ofile in each dimension:

sl=.5

do 121 1=-1,1

i-1 i i+1 i+2



Density assignment in 3D system (2D)

dz=z(n0)-k
cz=1.-dz (x(n0),y(n0))
Smoothing with the (.25,.5,.25)

ofile in each dimension: =4
sl=.5
EBN211=-1 1 |




Maxwell equations on grid

Force Interpo




e Vol_Weighting(mxs,mys,mzs,lecg,rhe,eke, ueg,veg,weg,
xeg,yeg,zeg, fex fey,fez)
cit none

teger mxs,mys,mzs,mg,lecg

eal*4 xeg(lecg),yeg(lecg),zeg(lecg)

eal*4 ueg(lecg),veg(lecg),weg(lecg)

real rhe(mxs,mys,mzs),eke(mxs,mys,mzs)
real fex(mxs,mys,mzs),fey(mxs,mys,mzs),fez(mxs, mys,mzs)
real*4 dx,dy,dz,cx,cy,cz
real*4 sl sr,sn,s

integer 1,j,k,1,m,n,n0

lume weighting:
lec = maxhlf +lecs

n0=1, lecg
.mhlec.and.n0.It.lecm) go to 3
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3
(n0)
eg(n0)-k
1.-dz
othing with the (.25,.5,.25) profile in each dimension:
5

187 1=-1,1
.75-sl

3

187 m=-1,1
75-st




rhe(i+l j+m ,k+n )=rhe(i+l ,j+m ,k+n )+s*cx*cy*cz
rhe(i+l+1,j+m ,k+n )=rhe(i+l+1,j+m k+n )+s*dx*cy*cz
rhe(i+l j+m+1,k+n )=rhe(i+]l ,j+m+1,k+n )+s*cx*dy*cz
rhe(i+l ,j+m Jk+n+1)=rhe(i+l ,j+m k+n+1)+s*cx*cy*dz
rhe(i+l j+m+1k+n+1)=rhe(i+l j+m+1 k+n+1)+s*cx*dy*dz
rhe(i+1+1,j+m ,k+n+1)=rhe(i+I+1,j+m k+n+1)+s*dx*cy*dz
rhe(i+1+1,j+m+1 k+n )=rhe(i+I+1,j+m+1 k+n )+s*dx*dy*cz
rhe(i+1+1,j+m+1 k+n+1)=rhe(i+1+1,j+m+1 k+n+1)+s*dx*dy*dz

¢ Calculating kinitic enegies

O 0O 0O 0 0 00000000

eke(i+l j+m k+n )=eke(i+l j+m ,k+n )

1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*cx*cy*cz
eke(itl+1,j+m k+n )=eke(i+l+1,j+m )k+n )

1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*dx*cy*cz
eke(itl j+m+1 k+n )=eke(i+l ,j+m+1k+n )

1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*cx*dy*cz
eke(i+l ,j+m ,k+n+1)=eke(i+]l ,j+m ,k+n+1)

1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*cx*cy*dz
eke(i+l ,j+m+1 k+n+1)=eke(i+l ,j+m+1 k+n+1)

1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*cx*dy*dz
eke(i+tl+1,j+m k+n+1)=eke(i+l+1,j+m k+n+1)

1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*dx*cy*dz



¢ eke(itl+1,j+m+1,k+n )=eke(i+l+1,j+m+1k+n )

¢ 1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*dx*dy*cz
¢ eke(itl+1,j+m+1,k+n+1)=eke(i+1+1,j+m+1 k+n+1)

¢ 1 +(ueg(n0)*ueg(n0)+veg(n0)*veg(n0)+weg(n0)*weg(n0))*s*dx*dy*dz
C

C

Calculating flux (not velocity)
fex(i+l ,j+tm k+n )=fex(i+l ,j+m ,k+n )

1 +ueg(n0)*s*cx*cy*cz

fex(i+1+1,j+m ,k+n )=fex(1+I+1,j+m k+n )
1 +ueg(n0)*s*dx*cy*cz

fex(i+l ,jtm+1,k+n )=fex(1+l ,j+m+1k+n )
1 +ueg(n0)*s*cx*dy*cz

fex(i+l ,jtm k+n+1)=fex(i+l ,j+m ,k+n+1)
1 +ueg(n0)*s*cx*cy*dz

fex(i+l ,jtm+1,k+n+1)=fex(i+l j+m+1k+n+1)
1 +ueg(n0)*s*cx*dy*dz

fex(i+l+1,j+m ,k+n+1)=fex(i+l+1,j+m ,k+n+1)
1 +ueg(n0)*s*dx*cy*dz

fex(1+l+1,j+m+1 k+n )=fex(i+l+1,j+m+1,k+n )
1 +ueg(n0)*s*dx*dy*cz

fex(1+l+1,j+m+1 k+n+1)=fex(i+1+1,j+m+1,k+n+1)
1 +ueg(n0)*s*dx*dy*dz



Jk+n )=fey(i+l j+m k+n )

g(n0)*s*cx*cy*cz

+1,j+m Jk+n )=fey(i+l+1,j+m ,k+n )

+veg(n0)*s*dx*cy*cz

@1+l j+m+1k+n )=fey(i+l ,j+m+1,k+n )

+veg(n0)*s*cx*dy*cz

ey(i+tl j+m k+n+1)=fey(i+l j+m k+n+1)
+veg(n0)*s*cx*cy*dz

fey(i+l ,j+m+1.k+n+1)=fey(i+l j+m+1,k+n+1)

1 +veg(n0)*s*cx*dy*dz

fey(i+l+1,j+m k+n+1)=fey(i+1+1,j+m ,k+n+1)

1 +veg(n0)*s*dx*cy*dz

fey(i+l+1,j+m+1 k+n )=fey(i+1+1,j+m+1 k+n )
+veg(n0)*s*dx*dy*cz

ey(i+l+1,j+m+1 k+n+1)=fey(i+1+1,j+m+1 k+n+1)

+veg(n0)*s*dx*dy*dz

1+l ,j+m k+n )=fez(i+l ,j+m ,k+n )
+weg(n0)*s*cx*cy*cz

+1,j+tm k+n )=fez(it+l+1,j+m k+n )
g(n0)*s*dx*cy*cz
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Jk+n )=fez(i+l j+m+1k+n )

)*s*cx*dy*cz
m ,k+n+1)=fez(i+l ,j+m ,k+n+1)

eg(n0)*s*cx*cy*dz

Jtm+1 k+n+1)=fez(i+l ,j+m+1 k+n+1)
+weg(n0)*s*cx*dy*dz

(1+l+1,j+m k+n+1)=fez(i+l+1,j+m ,k+n+1)
+weg(n0)*s*dx*cy*dz

z(1+1+1,j+m+1 k+n )=fez(i+l+1,j+m+1 k+n )
+weg(n0)*s*dx*dy*cz

fez(i+l+1,+m+1 k+n+1)=fez(i+1+1,j+m+1 k+n+1)

+weg(n0)*s*dx*dy*dz

continue
continue
eturn
d subroutine Vol_Weighting

16




Filtering Action of Shape Functions

W o . kAx

[ 1 x Vi : \ So(k)= sm( 2%%,‘
So(x)={E , =05< ESO.S E . —

I[O ,  otherwise - -

"7\ | L.;__“_w S, (k) = [Sy(k)]"™"

| 3;(‘)
500 E \
: 0 > i har

High-frequency T rypogp— - . 1
components are filtered ... ' ot S (k) decays with k~"*"
by a smooth shape &2 -\h
function. . ; K TR
X=0
Shape Functions  Corresponding Functions

of different orders in Fourier Space
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Fourier transform

init defference

3 (I) j-1 _(I) j+1
2AX

2¢ j T ) j+1

)2

J
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on of the field equations

E(k) = —ikp(k)
(k=P -

I

T Ax=0
E(k) = -iK(k)




Aliasing

1ous fluctuation which appears as result of the loss of displace
nce, manifest themselves in k-space as non-physical mode couplin
n as aliasing’.

introducing a mesh we reduced
ur representation of o(x) from a

ontinuous representation o (x) to a 0 (k—Kov) A 6. (k+Koe)
c o o C '
ampled representation o (x). A o, (k)

po(k)= [ dp (0e™

As(k) N E ﬁc(k'l' rkgrid)

~
~

e S8 e

] sl
—Kgias/2 0 Kyia/2

—>
Principal zone

ibutions (from |n|>0) to inside the principal zone
19



Aliasing and reducing noise

* The spurious fluctuations of high frequency cause the
noise and error in the main lobe, which might make the
numerical system to be unstable.

e The high-k£ components of S(k) is determined by the
smoothness of S(x); The high-k£ components of n (k) 1s

determined by the smoothness of 7(x), The number of
particles.
 The major noise exists in the particle-in-cell method
mainly comes from the aliasing effect. Two methods
for reducing the aliasing effects:
1. Increase the particle number.
2. Increase the order of the shape function S(x).



1ional eftects

f the cross sections for

ed particles to that for point

s in in two and three dimensions
from Okuda and Birdsall 1970)

mples of collision rates:
two dimensions:

stem 1004, x 1004,

= 3x10° particles
=30

rticle radius a = A
W,/ 16Np= 2x10%w,
three dimensions:

21

10

0.001

Two dimensions
(cylinder)

Three dimensions
(sphere)

Oy i W% E20 U8 LA S
cloud radius/Debye length



particle effects

fFaf
ar m ov

= qf&r— r)E(rad'r
E-=4n qf f(r,v Sr-r)d'rd'v

=0

ersion function with finite-size particles

k
w,|S )|f kof/ov .
= (w - K-V+iv)

,m)=1+

a frequency is modified by smoothing
w | SK) 2

modification reduces collisions

22




s on time step and grid size

Courant condition (Cartesian coordinate) this condition
comes from the electromagnetic code (light wave)

cat<1/1/a¢ +1/a¢ +1/a

2. w_ <025 o _ =max(o oW o)

3. V. at <min(ax,,dx,,adx,)

particle move in one step < 1 cell (grid size)

4. More particles are better, however it takes more
memory and computing time

23



cy and stability of time integration

(E, B) = (E,, By)exp(ikex —iwt) J=0 from Maxwell equations

cKx E !

— CAVAX = 0 :
_cKx B = = '\CAVAX = 0.5 pars oy gl S
sin(At/2)] k{Sin(kAx/ 2)| i y-and :;Zﬁ - ?'8 ,‘ 2 1
0At/2 | kAx/2 | r=imCAVAX = 1.2 ,-"/
OAf . S5 s ¢/
At/2)f |[sin(kax /2)[ |sin(kax, /2)] © 0.4

+
3o | AX /2 |

2 02
)= ( C%() [cos(kAX)—1]+1

AX /2 |

t-Levy stability criterion

) Vacuum dispersion curve for
difference for wave equatio

es which move faster than numerical speed of light
radiation in high wave-numbers



n of vacuum dispersion solution (ho

0S(wAf) = (C%t() [cos(KAX)—1]+1

2
cos(wAX Odt) —1= ( Cﬂ) [cos(kAX)—1]
c dx AX
cos(ay)—1= (oc )2 [cos(X)—1]
WAX cat
=—), X= KA =—
4 C x ax
cos(a y) -1 1)"(x)*"

=cos(X)—1, cos(X)= i (= 2n)

()
Sy +2%4,}b4a’y+- = cos(Xx) -1

R cos(0) sl

2%



t deposit scheme

Jp Jp
, Vo—=4n—, VH NV x B-4nJ)=4n —,
o i S=dn

a_p =-V&J
ot

L —y-Lay |
22 =
1 1 /.iyz
2=qAX(_+y+EAy)
qu(——x—%Ax)
y(—+X+%AX)




t deposit scheme

Jp Jp
, Vo—=4n—, VH NV x B-4nJ)=4n —,
o i S=dn

a_p =-V&J
ot

L —y-Lay |
22 =
1 1 /.iyz
2=qAX(_+y+EAy)
qu(——x—%Ax)
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y+Ay,,
,=AX-AX,,

3>'2=Ay—Ay11 1
Jo = QAX (; - y-5AY)

Jo = QAX (5 + Y+ 5 AY)
Jy = QAY (5 - X- 3 AX)

= gAX, (z - Y - s AY,)
qsz(é+y+iAy2)

27

eposition seven-boundary move




osition ten-boundary mov

x,=(Ax/Ay)Ay,,
2=AX2_O. 5 )
,=0.5,
X;=Ax—-Ax,-AX,,
ys=Ay-Ay;-Ay,




current deposition

Subroutine . : Subroutine
x-split ‘ C - z-spit

Subroutine 10
deposit currents
on cell faces

I Output -

position can take as much time as the mover. More optimized
1st (Umeda 2003).

1on makes the whole Maxwell solver local and hyperbolic.
blished dynamically.



current deposition

Input
Subroutine ‘ Subroutine ; . Subroutine
x-=plit ‘ C y-spit s z-5pi

Subroutine 10
deposit currents
on cell faces

I Qutput l

eposition can take as much time as the mover. More optimized
1st (Umeda 2003).

1on makes the whole Maxwell solver local and hyperbolic.
ablished dynamically.



