Hydrodynamics and Magnetohydrodynamics: Solutions
of the exercises in Lecture IT

Yosuke Mizuno
Winter Semester 2018

Lecture II, Exercise 1.

The mass conservation equation can be written as
Orp = —0i(pvi) = —pdiv; — v;0;p. (1)

Next, we consider the momentum conservation equation. We expand the derivative
and using Eq. 1,

Ou(pvy) + Oulpvivy) + 0,Py; — L F,
= p@tvj + vjatp -+ pviaivj + pl}jaﬂ)i -+ ’ul-vjc”)‘ip -+ 5‘1P” — %Fj

= p@tvj — p’Ujaﬂ)i — Uﬂ}jaip + p’l)iaﬂ}j + pvjﬁwi + ’Ui’Ujaip + GZP” — ﬁFj
m

p@tvj + pviaz-vj -+ &Pw — %FJ = O (2)

Then it is divided by p, we obtain
1 1
8t’l)j + Uiaﬂ)j + *ai]:)ij — *Fj =0. (3)
p m

Next, we consider the energy conservation equation. We expand the derivative and
using Eq. 1,

Ot(pe) + O0i(pevi) + 0iqi + Piinj

= poie + €0sp + pediv; + pv;0ie + €v;0;p + 0iq; + Piinj

= pOie — pediv; — €v;0;p + ped;v; + pv;Oie + ev;Dip + 0;q; + PijAY
pose + pvidie + 9;q; + P AV = 0. 4)

Finally, dividing by p we obtain

1 1 y
8t6 + v,@ie + ;81'(];‘ + ;F)ijA” =0. (5)



Lecture II, Exercise 2.
Prove the following identity:
plu;d;|@ — T%) = 2P;;AY. (6)
The LHS of Eq. 6 is For the LHS of Eq. 6, we use & — ¥ = A Then it becomes

plwidi(ATARS50)) = pluil(Bi A7) AR6j5 + A7(9;A%)851])
= 2p(u[0;(u; — v;)|(u; — v;)) = 2p(w[Oiu; — Oiv;](u; — vj))
= —2p(u;0ivj(u; — vj)) = —2p0v;(u;(u; — v;))
Next, we reconsider the pressure tensor,
P = p{(ui —vi)(u; —vj))
= plui(u; —v;) —vi(uj —v;)) = plui(u; —vj)) — plvi(u; — vj))
= plui(u; —v;)) — pl{vi;) — (vivy)]
= plui(u; —v5)) — plviuy) — vivs] = plui(uj — v;)). ®)
Using Eq. 8, Eq. 7 is written as
p(uiai\ﬁ— _‘|2> = —Qpaﬂ}j (ui(uj — ’Uj)> = —2]31‘]'81'1)]‘. (9)

Here we introduce 0;v; = A;;. This is a generic tensor. However, P;; is a symmetric
tensor. Hence A;; must also be symmetric tensor.

Ay = %(Aij + Aj;)
= %(&-vj + 0jv;) = Ayj. (10)
Using Eq. 11, Eq. 9 can be changed as
2P;;0ivj = —2P;; A", (11)

Therefore N
plu;0i|T@ — )?) = 2P;;AY. (12)



