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Lecture II, Exercise 1.
The mass conservation equation can be written as

∂tρ = −∂i(ρvi) = −ρ∂ivi − vi∂iρ. (1)

Next, we consider the momentum conservation equation. We expand the derivative
and using Eq. 1,

∂t(ρvj) + ∂i(ρvivj) + ∂iPij −
ρ

m
Fj

= ρ∂tvj + vj∂tρ+ ρvi∂ivj + ρvj∂ivi + vivj∂iρ+ ∂iPij −
ρ

m
Fj

= ρ∂tvj − ρvj∂ivi − vivj∂iρ+ ρvi∂ivj + ρvj∂ivi + vivj∂iρ+ ∂iPij −
ρ

m
Fj

= ρ∂tvj + ρvi∂ivj + ∂iPij −
ρ

m
Fj = 0. (2)

Then it is divided by ρ, we obtain

∂tvj + vi∂ivj +
1

ρ
∂iPij −

1

m
Fj = 0. (3)

Next, we consider the energy conservation equation. We expand the derivative and
using Eq. 1,

∂t(ρε) + ∂i(ρεvi) + ∂iqi + PijΛ
ij

= ρ∂tε+ ε∂tρ+ ρε∂ivi + ρvi∂iε+ εvi∂iρ+ ∂iqi + PijΛ
ij

= ρ∂tε− ρε∂ivi − εvi∂iρ+ ρε∂ivi + ρvi∂iε+ εvi∂iρ+ ∂iqi + PijΛ
ij

= ρ∂tε+ ρvi∂iε+ ∂iqi + PijΛ
ij = 0. (4)

Finally, dividing by ρ we obtain

∂tε+ vi∂iε+
1

ρ
∂iqi +

1

ρ
PijΛ

ij = 0. (5)
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Lecture II, Exercise 2.
Prove the following identity:

ρ〈ui∂i|~u− ~v|2〉 = 2PijΛ
ij . (6)

The LHS of Eq. 6 is For the LHS of Eq. 6, we use ~u− ~v = ~A. Then it becomes

ρ〈ui∂i(AjAkδjk)〉 = ρ〈ui[(∂iAj)Akδjk +Aj(∂iA
k)δjk]〉

= 2ρ〈ui∂iAjAj〉
= 2ρ〈ui[∂i(uj − vj)](uj − vj)〉 = 2ρ〈ui[∂iuj − ∂ivj ](uj − vj)〉
= −2ρ〈ui∂ivj(uj − vj)〉 = −2ρ∂ivj〈ui(uj − vj)〉 (7)

Next, we reconsider the pressure tensor,

Pij = ρ〈(ui − vi)(uj − vj)〉
= ρ〈ui(uj − vj)− vi(uj − vj)〉 = ρ〈ui(uj − vj)〉 − ρ〈vi(uj − vj)〉
= ρ〈ui(uj − vj)〉 − ρ[〈viuj〉 − 〈vivj〉]
= ρ〈ui(uj − vj)〉 − ρ[vi〈uj〉 − vivj ] = ρ〈ui(uj − vj)〉. (8)

Using Eq. 8, Eq. 7 is written as

ρ〈ui∂i|~u− ~v|2〉 = −2ρ∂ivj〈ui(uj − vj)〉 = −2Pij∂ivj . (9)

Here we introduce ∂ivj = Aij . This is a generic tensor. However, Pij is a symmetric
tensor. Hence Aij must also be symmetric tensor.

Aij =
1

2
(Aij +Aji)

=
1

2
(∂ivj + ∂jvi) = Λij . (10)

Using Eq. 11, Eq. 9 can be changed as

−2Pij∂ivj = −2PijΛ
ij . (11)

Therefore
ρ〈ui∂i|~u− ~v|2〉 = 2PijΛ

ij . (12)
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