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Lecture VII, Exercise 1.

ut is 4-velocity and a* is 4-acceleration, whose contravariant components are defined
as
a* = u’V,ut. (D

There is a normalization condition
ufuy, = —1 2)

and the orthogonality condition
au, = 0. 3)

After taking a contravariant derivative of Eq (2), we can obtain the identity
utVyu, = 0. 4)

First we consider the expansion scalar ©. Starting from its definition, the expansion
scalar can be rewritten as

0 = WVu, 5)
= (¢" +u'u")V,u, 6)
= ¢""Vyu, +u'u"Vyu, @)
= V,g""u, (here using Eq (4)) ®)
= V,u. &)

Next we consider the kinematic vorticity tensor w,,,. Starting from its definition,



the kinematic vorticity tensor can be rewritten as

Wpy =

hEREN (5] (10)
1
3 (g5 + uu) (97 + u’w)(Vata = Vaus) (11)
1

~(g5 + uuu) (g (Vpta — Vaug) + u’u,Vua — u’u, Vaug] (12)

N

—(g% + uu)[(Vita — Vou,) + v’u,Vgua]  (using Eq (@)  (13)

2
1 1
291 (Vi = Vat,) + S [uu,(Vita = Vauy)]

1 1
+§gfjuyu5Vgua + iuo‘u#uﬁul,VBUQ (14)
1 1
§(Vvuu - V,u,) + i(uﬂvﬁuﬂuu —u*Vau,u,) (using Eq (4)j15)
1 1 .
§(V,,uﬂ - Vyuu,) + i(a#uu —ayu,) (using Eq (1)) (16)
v[uu“] + A, - (17

Next we consider the shear tensor o, Starting from its definition, the shear tensor
can be rewritten as

O

= Vi) (18)
1

= Y (gua) = 5V ptah® (19)
1 1
i(gfj + u“uu)(gf + uﬂul,)(Vgua + Vaug) — §®hw (20)
(using Eq (5))
1

= i(gﬁ‘ + u“uu)[gf(V5ua + Vaug) + uﬂul,(Vgua + Vaug)]

1

_§®h/w 21
1 1

= 5lon +uw)l(Vota + Vauy) + uPu, V gug] — 3Ohw  (22)
(using Eq (4))

1, 1,
59;; (Vuuoc + vauy) + §guuﬁu,,vlgua
+§u“uu(vyua + Vau,) + iuo‘uuuﬁuyvlgua + §@hﬂ” (23)

1 1 1
- i(vuu’u + v'uuu) + i(auuy + al/uu) — g@h’uy (24)
(using Eq (4) & (5))
1
= v(uu,,) + C(pu,) — g@hl“,. 25)



Lecture VII, Exercise 2.

The energy-momentum tensor of a perfect fluid can be written as
T = (e + p)uru” + pg"”. (26)

Now we consider the following projection

L, = —hju’Tas 27)
—(gpr + uu)[(e + p)u’uqup + pgasu’] (28)
= —(e+pgpu’uaus — pgasgnu’
—(e+ p)uau#uﬁuauﬁ — pgalguﬂuauu (29)
= (e+p)gyua — (e+ P uauauPugu,
—pgz‘ga/_guﬁ — u* Uy PU. (30)
= (e+pluy — (e+pluy — puy + puy 3D
0. (32)

This projection is identically zero for the case of a perfect fluid. Because in the case
of a perfect fluid, the energy-momentum tensor in the local rest frame of a comov-
ing observer is symmetric. Since there are no off-diagonal components, the spatial
momentum density is identically zero.

Lecture VII, Exercise 3.

The spatial stress tensor L,,,,, the spatial momentum density L,,, and the energy density
e can be defined using the energy-momentum tensor 7,3 and the projection

Ly, = hShiTag, (33)
Ly = —hiuPTag, (34)
e = uauBTQB. (35)

We try to show the following identity is true
Ty = eupty + 2w Lyy + Ly (36)

In Eq (36), the each terms are given by

Uy, = UQUBTQBU/LUV, 37
1

2u,L,y = 2x i(uuLy +uyLy) = —hgu’ Toguy, — hu’ Topu,,  (38)

Ly = hohiTap. (39)



Therefore

Eq (36)

Top (uuPuyu, — hSuPu, — hfjuﬁu# + hfjhf) (40)
Toplu®vPu,u, — (g2 + uu, )uu, — (g5 + uu,, )uPu,

g+ uu)(gy +u’u,)] (1)
Taﬁ(uauﬂuﬂuy — gﬁuﬁuu — uauUuBuM — gfjuﬁul, — uauuuﬂuy
+gfjgf + g,‘juﬁuy + guuy, + u®u,ulu,) (42)
Top(—g2uPu, — gz‘uﬁuy + gggf + gz‘uﬁuu + gouuy,) (43)
Tapgpg, (44)
Ty (45)



