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Lecture VII, Exercise 1.
uµ is 4-velocity and aµ is 4-acceleration, whose contravariant components are defined
as

aµ = uν∇νuµ. (1)

There is a normalization condition

uµuµ = −1 (2)

and the orthogonality condition
aµuµ = 0. (3)

After taking a contravariant derivative of Eq (2), we can obtain the identity

uµ∇νuµ = 0. (4)

First we consider the expansion scalar Θ. Starting from its definition, the expansion
scalar can be rewritten as

Θ = hµν∇νuµ (5)
= (gµν + uµuν)∇νuµ (6)
= gµν∇νuµ + uµuν∇νuµ (7)
= ∇νgµνuµ (here using Eq (4)) (8)
= ∇νuν . (9)

Next we consider the kinematic vorticity tensor ωµν . Starting from its definition,
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the kinematic vorticity tensor can be rewritten as

ωµν = hαµh
β
ν∇[β,uα] (10)

=
1

2
(gαµ + uαuµ)(gβν + uβuν)(∇βuα −∇αuβ) (11)

=
1

2
(gαµ + uαuµ)[gβν (∇βuα −∇αuβ) + uβuν∇βuα − uβuν∇αuβ ] (12)

=
1

2
(gαµ + uαuµ)[(∇νuα −∇αuν) + uβuν∇βuα] (using Eq (4)) (13)

=
1

2
gαµ (∇νuα −∇αuν) +

1

2
[uαuµ(∇νuα −∇αuν)]

+
1

2
gαµuνu

β∇βuα +
1

2
uαuµu

βuν∇βuα (14)

=
1

2
(∇νuµ −∇µuν) +

1

2
(uβ∇βuµuν − uα∇αuνuµ) (using Eq (4))(15)

=
1

2
(∇νuµ −∇µuν) +

1

2
(aµuν − aνuµ) (using Eq (1)) (16)

= ∇[νuµ] + aµuν
. (17)

Next we consider the shear tensor σµν . Starting from its definition, the shear tensor
can be rewritten as

σµν = ∇〈µuν〉 (18)

= hαµh
β
ν∇(βuα) −

1

3
∇βuαhαβhµν (19)

=
1

2
(gαµ + uαuµ)(gβν + uβuν)(∇βuα +∇αuβ)− 1

3
Θhµν (20)

(using Eq (5))

=
1

2
(gαµ + uαuµ)[gβν (∇βuα +∇αuβ) + uβuν(∇βuα +∇αuβ)]

−1

3
Θhµν (21)

=
1

2
(gαµ + uαuµ)[(∇νuα +∇αuν) + uβuν∇βuα]− 1

3
Θhµν (22)

(using Eq (4))

=
1

2
gαµ (∇νuα +∇αuν) +

1

2
gαµu

βuν∇βuα

+
1

2
uαuµ(∇νuα +∇αuν) +

1

2
uαuµu

βuν∇βuα +
1

3
Θhµν (23)

=
1

2
(∇νuµ +∇µuν) +

1

2
(aµuν + aνuµ)− 1

3
Θhµν (24)

(using Eq (4) & (5))

= ∇(µuν) + a(µuν) −
1

3
Θhµν . (25)
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Lecture VII, Exercise 2.
The energy-momentum tensor of a perfect fluid can be written as

Tµν = (e+ p)uµuν + pgµν . (26)

Now we consider the following projection

Lµ = −hαµuβTαβ (27)

= −(gαµ + uαuµ)[(e+ p)uβuαuβ + pgαβu
β ] (28)

= −(e+ p)gαµu
βuαuβ − pgαβgαµuβ

−(e+ p)uαuµu
βuαuβ − pgαβuβuαuµ (29)

= (e+ p)gαµuα − (e+ p)uαuαu
βuβuµ

−pgαµgαβuβ − uαuµpuα (30)
= (e+ p)uµ − (e+ p)uµ − puµ + puµ (31)
= 0. (32)

This projection is identically zero for the case of a perfect fluid. Because in the case
of a perfect fluid, the energy-momentum tensor in the local rest frame of a comov-
ing observer is symmetric. Since there are no off-diagonal components, the spatial
momentum density is identically zero.

Lecture VII, Exercise 3.
The spatial stress tensor Lµν , the spatial momentum density Lµ, and the energy density
e can be defined using the energy-momentum tensor Tαβ and the projection

Lµν = hαµh
β
νTαβ , (33)

Lµ = −hαµuβTαβ , (34)

e = uαuβTαβ . (35)

We try to show the following identity is true

Tµν = euµuν + 2u(µLν) + Lµν . (36)

In Eq (36), the each terms are given by

euµuν = uαuβTαβuµuν , (37)

2u(µLµ) = 2× 1

2
(uµLν + uνLµ) = −hανuβTαβuµ − hαµuβTαβuν , (38)

Lµν = hαµh
β
νTαβ . (39)
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Therefore

Eq (36) = Tαβ(uαuβuµuν − hανuβuµ − hαµuβuµ + hαµh
β
ν ) (40)

= Tαβ [uαuβuµuν − (gαν + uαuν)uβuµ − (gαµ + uαuµ)uβuν

+(gαµ + uαuµ)(gβν + uβuν)] (41)

= Tαβ(uαuβuµuν − gαν uβuµ − uαuνuβuµ − gαµuβuν − uαuµuβuν
+gαµg

β
ν + gαµu

βuν + gβν u
αuµ + uαuµu

βuν) (42)

= Tαβ(−gαν uβuµ − gαµuβuν + gαµg
β
ν + gαµu

βuν + gβν u
αuµ) (43)

= Tαβg
α
µg

β
ν (44)

= Tµν . (45)
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